We discuss the dynamics of a hybrid optomechanical setup where a dielectric nanosphere is levitated inside the Fabry-Pérot cavity of a standard optomechanical system with one movable cavity mirror. The nanosphere is coupled to the cavity field and the movable mirror by the optomechanical and Casimir interactions with coupling strengths being dependent on the distance between the levitated nanosphere and cavity mirror. We investigate the steady-state characteristics of the system and the optical spring effect of the nanosphere in detail. We also analyze the effects of the distance-dependent optomechanical coupling and Casimir interaction on the cooling of the levitated nanosphere in the cases of a movable and of a fixed cavity mirror. It is found that in both cases, ground-state cooling of the levitated nanosphere can be approached in a certain range of parameters. Furthermore, in contrast to the case with the fixed mirror, the cooling of the levitated nanosphere with a movable mirror can be optimized with a properly chosen mirror oscillation frequency.
I. INTRODUCTION
It is well known that a photon with a certain frequency possesses energy and momentum which can be transferred to a scatterer when the photon is scattered or absorbed. Correspondingly, the scatterer receives a radiation pressure exerted by the photon, which increases enormously in a cavity field driven by an external pump laser and influences strongly the dynamics of even macroscale scatterers such as an end cavity mirror, being set to move and regarded as a mechanical oscillator. The motion of the scatterer in turn induces a modification of the intensity of the cavity field and therefore changes the radiation pressure. The system of a mechanical oscillator coupled with a cavity field is called an optomechanical system [1] [2] [3] [4] , which has attracted extensive theoretical and experimental attention in recent years because of its strong nonlinearity and quantum-mechanical motion at the macroscopic level.
A typical optomechanical setup is the Fabry-Pérot cavity with a movable end mirror, in which some important characteristics of optomechanical systems have been investigated in detail, such as optical bistability [5] [6] [7] [8] , optomechanically induced transparency [9, 10] , continuous-variable quantum entanglement between the mechanical and optical modes [11, 12] , and the optically cooling mechanical mode [13] [14] [15] [16] [17] [18] . The quantum-mechanical phenomena of macroscopic motion and the transition between classical and quantum behavior of a mechanical system [19, 20] have also been investigated in detail in many other types of optomechanical systems, for example, the optomechanical system with a levitated nanosphere trapped inside an optical cavity [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , membranes inside a cavity with two fixed mirrors [32] [33] [34] [35] [36] [37] , ultracold atomic ensembles [38] [39] [40] [41] or Kerr media [42] [43] [44] in an optical cavity, a microresonator in a whispering-gallery cavity [10, 45, 46] , and a microresonator in a microwave transmission line resonator [47] [48] [49] . Optomechanical systems have many potential applications including detection of gravitational waves [50, 51] , measurements of minute mass and displacement and precision force sensing [52] [53] [54] , and quantum information processing and communication [55] .
A main difficulty in constructing an optomechanical system is to overcome thermal noise such that quantum effects can be observed experimentally. For example, much theoretical and experimental efforts are devoted to the pro-ground-state cooling of a mechanical resonator in the resolved sideband regime by the backaction cooling [13, 14, 16, 56] , in which the dominant source of dissipation and decoherence of the system is the coupling between the mechanical oscillator and external thermal reservoir through the directed mechanical support. In contrast to the usual optomechanical setup where the mechanical resonator couples directly to the thermal lead, the cavity optomechanical system with a levitated nanosphere [22, 29, 31] or levitated mirror [57] has potential superiority for studying quantum motion of a macroscale mechanical oscillator since the influence of the thermal noise is significantly decreased without mechanical clamping. Such decrease of thermal noise in optomechanical system will also be beneficial to the measurement of weak interactions such as the Casimir force with high precision. In particular, Geraci et al. designed an optomechanical device for detecting sensitively the Casimir force between a sphere and a plane, where a levitated dielectric microsphere is optically trapped in the antinode of a cavity field near the cavity mirror [53] . In this optomechanical system, the Casimir force, arising from the zero-point energy change of the electromagnetic field around material boundaries [58] [59] [60] , is a dominant force and influences strongly the dynamics of the levitated dielectric microsphere through the neighboring cavity mirror, and therefore shifts the oscillation frequency of the sphere [28, 53, 61] . Optomechanical entanglement between the mechanical and cavity modes can be generated and influenced by the Casimir force [28] .
It is noted that the response of the mechanical oscillator to the optical field in an optomechanical system changes due to the optical spring effect [18, 62] , which may influence the precise measurement of the Casimir force and therefore needs to be considered in detail. The Casimir force changes the optomechanical coupling strength and may advance the cooling of the mechanical mode in the optomechanical system. In this work, we consider a hybrid optomechanical system consisting of a Fabry-Pérot cavity and a levitated nanosphere trapped inside a cavity with one movable mirror. In order to maintain strong interaction between the levitated nanosphere and the cavity mirror via the Casimir force, we assume that the dielectric nanosphere is trapped in the antinode of the cavity field closest to the movable mirror. In this case, the Casimir interaction between them leads to a distance-dependent optomechanical coupling between the mechanical oscillators (i.e., the levitated nanosphere and movable mirror) and the optical field and therefore influences strongly the dynamics of the levitated nanosphere. We investigate the steady-state characteristics and optical spring effect in an optomechanical system in detail. Furthermore, we study the ground-state cooling of the levitated nanosphere and the influence of the Casimir force on the cooling based on the linearized dynamics of the quantum fluctuation of the mechanical modes and the cavity field around the semiclassical equilibria.
The paper is organized as follows. In Sec. II we present the model Hamiltonian with the Casimir interaction. In Sec. III, we derive the Heisenberg-Langevin equation for the system and study the quantum dynamics of the fluctuations around the semiclassical fixed points. Further, we display the change of steady-state values induced by the Casimir interaction. In Sec. IV, we discuss the optical spring effect in the system and study the ground-state cooling of the levitated nanosphere based on the phonon number and analyze the effect of the Casimir interaction on the optical cooling in detail. Section V presents a short summary of the paper.
II. MODEL AND HAMILTONIAN WITH CASIMIR INTERACTION
The optomechanical system investigated here is sketched in Fig. 1 , where a dielectric nanosphere is optically levitated FIG. 1. (Color online) Optomechanical system with a levitated dielectric nanosphere and a movable mirror. The dielectric nanosphere is trapped and cooled near the antinode of the cavity field closest to the movable mirror by an external pump laser. The distance between the levitated nanosphere and the movable mirror is very small and therefore the Casimir interaction arising from the zero-point fluctuation of the vacuum electromagnetic field influences strongly the motion of the levitated nanosphere and the movable mirror.
in a Fabry-Pérot cavity consisting of one fixed mirror and one movable mirror. The cavity mode driven by an external pump laser with power P interacts with the levitated nanosphere and is therefore responsible for trapping and cooling of the nanosphere. In addition, we consider that the nanosphere is trapped near the antinode of the driven cavity field closest to the surface of the right movable mirror. In this case, the separation between the nanosphere and cavity mirror is of the order of nanometers, and the zero-point energy fluctuation leading to the Casimir force on the nanosphere should be considered due to its important effect on the levitated nanosphere's centerof-mass (c.m.) motion [59] . The trapped nanosphere and the movable mirror are treated as quantum-mechanical harmonic oscillators and their masses are m 1 and m 2 , frequencies ω 1 and ω 2 , and damping rates γ 1 and γ 2 , respectively. It is noted that the frequency associated with c.m. oscillations of the nanosphere is not an intrinsic feature of the mechanical oscillator but depends strongly on the optical field and the Casimir interaction [23, 28] . The optomechanical model with a nanosphere trapped in a Fabry-Pérot cavity can be used for measuring the Casimir force by checking the frequency shifts of the nanosphere oscillation with very high precision [53] . Here we investigate the ground-state cooling of the levitated nanosphere and the influence of the Casimir force on the cooling with the help of the Heisenberg equation of motion. The steady-state values of the optomechanical system and the optical spring effect of the nanosphere are studied in detail, which depends on the Casimir force between the nanosphere and cavity mirror. This system can be described by an optomechanical Hamiltonian in the rotating frame of the laser field with frequency ω L as [22, 23] cavity mode and the movable mirror, where V and V c are the nanosphere and the optical mode volumes, is the dielectric constant of the nanosphere and L is the length of the optical cavity. The first term in the last line is the Casimir interaction energy between the nanosphere and the mirror, which arises from the fluctuation of the electromagnetic field of the vacuum around the nanosphere and the mirror, and depends strongly on the separation between them. In theory, when the trapped nanosphere and movable mirror are treated as quantummechanical harmonic oscillators, the quantum fluctuations of the mechanical oscillators will change the vacuum fluctuation inside the cavity compared with the usual case of a fixed mirror in the absence of a nanosphere [63] . In spite of this fact, we neglect the correction to the Casimir potential energy due to the motion of the mechanical oscillators because in the present model we include the dominant coupling between the nanosphere and the movable mirror to study the role of the Casimir interaction in the ground-state cooling of the levitated nanosphere, and the dynamic correction plays a secondary role. The exact dependence of the Casimir energy on the distance between the nanosphere and the mirror even in the static sphere-plane geometry is very complex [64, 65] . For simplicity we adopt the result of the proximity force approximation in the limit of d − r 0 r 0 [59] , (despite the fact that the exact theoretical values of the Casimir interaction beyond the proximity force approximation are investigated in detail in Ref. [64] ), where r 0 is the radius of the nanosphere, d is the distance between the center of the nanosphere and the mirror in the static sphere-plane geometry, and c is the speed of light in vacuum. The proximity assumption is expected to be valid for d − r 0 < r 0 [66] . In addition, the trapped nanosphere is made of dielectric material and therefore a prefactor η is included for characterizing the reduction in the Casimir energy or force compared with that between two perfect conductors [64, 67] . Finally, the second term in the last line describes the interaction of the cavity mode with the pump laser.
III. QUANTUM DYNAMICS OF THE OPTOMECHANICAL SYSTEM

A. Heisenberg-Langevin equation
The quantum dynamics of this optomechanical system can be investigated using the Heisenberg-Langevin equation with Hamiltonian (1), where in addition to the evolution described by the Hamiltonian, the full dynamics of the system should include the fluctuation-dissipation processes affecting the optical field and mechanical oscillators. Using the Hamiltonian (1) and taking into account the quantum fluctuations, the Heisenberg-Langevin equations describing the dynamics of the system can be written aṡ
where the overdots denote time derivatives. ξ j is the Brownian noise force with zero mean value, which gives the following correlation function [68] :
where k B is the Boltzmann constant and T j is the thermal bath temperature related to the corresponding mechanical oscillator. Here the optomechanical device should be placed in a high-vacuum chamber so that a high mechanical quality factor can be attained for the optically trapped dielectric nanosphere. Despite this fact, the remaining background gas leads to a damping force −γ 1 p 1 acting on the sphere with a small damping rate γ 1 , which can be evaluated to be of the order of millihertz [30, 69] through the mechanical quality factor Q 1 = ω 1 /γ 1 , with Q 1 ∼ 10 9 and ω 1 ∼ 1 MHz. Similarly, −γ 2 p 2 depicts a damping force acting on the movable mirror with damping rate γ 2 , which results from the contact with the thermal bath through the mechanical support and is of the order of kilohertz [70] with Q 2 ∼ 10 5 and ω 2 ∼ 20π MHz. In Eq. (2), a in is the cavity-field quantum vacuum fluctuation, which is fully characterized by the correlation
and
In general the average thermal photon number N th 0 at the optical frequencies and therefore only the correlation function of Eq. (4) is relevant. In order to investigate the cooling of the mechanical oscillator, we should choose a proper steadystate operating point where the effective couplings between the cavity field and the mechanical oscillators are large due to the intensely driven cavity field. The Casimir interaction between the levitated nanosphere and movable mirror will influence strongly the steady-state values of the system. The steady-state expectation values of the mechanical oscillators and cavity field can be obtained by factorizing Eq. (2) and setting the time derivatives to zero as p 1s = 0,
is the effective detuning of the cavity mode, which includes the radiation 063849-3 pressure effects and the influence of the Casimir interaction between the levitated nanosphere and movable mirror. In the derivation of the steady-state values, we take the first-order approximation for the interaction between the cavity field and nanosphere and the Casimir interaction because the x js are very small compared to the scale 1/k and the closest distance d − r 0 between the nanosphere and mirror in the static sphere-plane geometry. In the absence of the Casimir force, the effective detuning of the cavity mode = 0 − g 2 x 2s − g 1 includes only the radiation pressure effects and the equation
is cubic in the photon number |a s | 2 , and therefore the system may exhibit bistability in a certain parameter range [7] . It is interesting that in the presence of the Casimir interaction, the steady-state value x 2s = x 1s , so that the effective cavity detuning includes influences from both the radiation pressure and the Casimir interaction. Consequently, the equation
2 ) may be oscillating in the photon number |a s | 2 in a certain parameter range due to the periodicity of the harmonic function, for which the system exhibits multistability.
In Fig. 2 , the intracavity mean photon number |α s | 2 versus the cavity-pump-laser detuning 0 is depicted with the distance d − r 0 = 80 nm, which is determined by the wavelength of the driving laser. The pump power of the laser field and the cavity decay rate are P = 0.0001 W and κ = 1 MHz, respectively. We take the radius of the nanosphre r 0 = 160 nm with density ρ = 2300 kg/m 3 and dielectric constant = 2. The mass and the intrinsic frequency of the movable mirror are m 2 = 50 × 10 −12 kg and ω 2 = 6 MHz, respectively. In order to estimate the prefactor in the expression of the Casimir interaction, we consider a silicon nanosphere and a movable cavity mirror with a thick dielectric (SiN) membrane coated with 200 nm of gold [53] . In this case the prefactor η 0.13. The length of the cavity, the mode waist, and the corresponding mode volume are L = 3 mm, w = 25 μm, and V c = (π/4)Lw 2 , respectively. We can see from Fig. 2 that the dependence of the mean photon number on detuning is asymmetric, and possible steady states of the system appear in the region with large mean photon number, where the optical force balances with the Casimir force when the levitated nanosphere is trapped near the right mirror. Note that multistability with small mean photon number cannot be achieved in the present model because in that case the steady-state position x 1s of the nanosphere has to vary over many optical wavelengths. So the assumption that the separation between the nanosphere and the right mirror is much smaller than the sphere radius is not valid and the proximity force approximation of the Casimir force fails. Figure 3 depicts the intracavity mean photon number as a function of the dimensionless relative position X s = (x 1s − x 2s )/(d − r 0 ) with the same parameter values as in Fig. 2 . We see from Fig. 3 that in the region of multistability with small mean photon number, the value X s is so large (e.g., X s > 1) that the nanosphere is indeed far from the right mirror. Multistability of the system is attained by numerically solving for the steady state of the system with a Casimir force beyond the proximity force approximation [64] . The dependence of the intracavity mean photon number on the driving power is plotted in Fig. 4 . We have taken the cavity detuning to be 0 = 2 MHz. We see from Fig. 4 that multistability of the system cannot be attained for the present model.
B. Dynamics of the quantum fluctuations
The dynamics of the entire system is driven not only by the optical radiation pressure and Casimir force but is also influenced by the optical losses and the random noise, which induce fluctuations in the positions and momenta of the mechanical oscillators and of the intracavity field around their steady-state values. This requires a proper steady-state operating point for the system where the driven cavity field is strong and the effective couplings between the mechanical oscillators and the field are large. In the following, we study the linearized dynamics of the quantum fluctuations around the semiclassical fixed points, in which the steady-state photon number in the cavity should be large. One can split the operators in Eq. (2) into their steadystate expectation values and quantum fluctuations, e.g., a = α s + δa, x j = x js + δx j , and p j = p js + δp j . Consequently, when |α s | 1, we can neglect all the terms higher than linear order in the fluctuations δx j , δp j , and δa, and Eq. (2) can be decomposed into a set of nonlinear algebraic equations for the steady-state values and a set of linearized equations of motion for the fluctuation operators,
where
√ m 2 ω 2 / are the optomechanical couplings for the nanosphere and the movable mirror, respectively. Note that ω 1 is the frequency associated with the center-of-mass oscillation of the nanosphere and depends strongly on the driven optical field and the Casimir interaction between the levitated nanosphere and the movable mirror, which can be defined as
In deriving Eq. (7), we redefined the dimensionless position and momentum fluctuations δx j and δp j as √ m j ω j δx j → δx j and √ 1 m j ω j δp j → δp j . Correspondingly, the Brownian noises with zero mean ξ j are also renormalized, and have the following correlation functions
Furthermore, by introducing the quadrature fluctuation op-
, the linearized dynamics of the system can be written as follows:
In general, the phase of the cavity field can be chosen so that α s is real, in which case G jY = 0 and the mechanical modes are coupled to the cavity mode by the effective optomechanical coupling G jX = √ 2G jp |α s |, which can be made very large by increasing the intracavity photon number and therefore enabling the groundstate cooling of the nanosphere in some range of system parameters. Introducing the column vector of fluctuation operators u T (t) = (δX(t),δY (t),δx 1 (t),δp 1 (t),δx 2 (t),δp 2 (t)) and the corresponding column vector of noises n
, Eq. (10) can be written in the following compact form:
where A is the drift matrix and given by
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The system reaches a unique steady state when the solutions to Eq. (11) are stable. This demands that the real parts of all the eigenvalues of the matrix A are negative. These stability conditions for the system can be obtained by using the Routh-Hurwitz criteria [71] . However, the explicit inequalities are quite cumbersome and therefore are not given here. We should resort to numerical calculations to discuss the steady-state solutions. Hereafter, all the external parameters used by us are always chosen to satisfy the stability conditions.
IV. GROUND-STATE COOLING OF THE LEVITATED NANOSPHERE
We are interested in the ground-state cooling of the levitated nanosphere perturbed by the radiation pressure and Casimir interaction. In order to achieve this goal, in the situation of the energy equipartition both variances δx 2 1 and δp 2 1 for the quantum fluctuations of the position and the momentum should as much as possible tend to 1/2. It is noted that under the linear approximation there is no effective coupling between the nanosphere and the cavity field without the Casimir interaction, because in that case the steady-state positions x 1s = x 2s and therefore G 1p = 0. The Casimir interaction will play an important role in this hybrid optomechanical system, which makes x 1s = x 2s and varies the steady-state operating point at which the optomechanical coupling may be optimal. In order to study the cooling of the levitated nanosphere, we solve Eq. (10) by taking its Fourier transform to obtain the position fluctuation of the levitated nanosphere around the steady state as δx 1 (ω) = χ 1 (ω)F t (ω), where F t (ω) is the Fourier transform of the total force acting on the levitated nanosphere, which includes the radiation and Brownian force and depend strongly on the Casimir interaction. The effective mechanical susceptibility of the levitated nanosphere introduced here is defined as
where the effective resonance frequency and effective damping rate of the levitated nanosphere are given by
respectively, in which we have
Equation (14) shows that the radiation pressure and Casimir interaction modify the oscillation frequency of the nanosphere. The modification of the mechanical frequency is the so-called optical spring effect [18, 62] , which should be considered in detail when the optomechanical device is used for measuring the Casimir force by the frequency shifts of the nanosphere oscillation. In addition, the optical spring term is also influenced by the quantum fluctuation of the movable mirror. In contrast to the optical spring effect, the effective mechanical damping rate can increase significantly, which enables the cooling of the nanosphere [18] . In the following, we show how the ground-state cooling of the levitated nanosphere is realized in this optomechanical system by counting the effective phonon number of the nanosphere's motion,
Here δp 2 1 and δx 2 1 are the momentum and displacement variances of the levitated nanosphere in the steady state, and defined as δp ∞ −∞ S x 1 (ω)dω, respectively [18] . In view of definition of the spectrum S x 1 (ω) of the fluctuation in position of the levitated nanosphere, δx 1 (ω )δx 1 (ω) s = S x 1 (ω)δ(ω + ω), the spectrum S x 1 (ω) can be derived as
are the thermal noise spectrum and radiation pressure noise spectrum, respectively. Correspondingly, the spectrum S p 1 (ω) of the momentum fluctuation of the levitated nanosphere can be obtained as S p 1 (ω) = (ω/ω 1 ) 2 S x 1 (ω). We next investigate the cooling of the levitated nanosphere with a movable or a fixed mirror. We also investigate the dependence of the oscillation frequency, the effective frequency, and the damping rate of the nanosphere on the cavity-pump detuning and the Casimir interaction strength.
A. The case with fixed mirror
When the right mirror is fixed, the degrees of freedom of the movable mirror are eliminated in the above calculations. In this case, the spectrum S x 1 (ω) of the position fluctuation of the levitated nanosphere can be derived as
and the frequency ω 1 of the levitated nanosphere is obtained by setting x 2s = 0 in Eqs. (6) and (8) . It is noted that in this case the optomechanical coupling G 1p = 0 due to the Casimir interaction between the nanosphere and the fixed mirror, which enables the ground-state cooling of the nanosphere.
In Fig. 5 , we consider the dependence of the oscillation frequency of the levitated nanosphere on the effecitive cavity mode detuning with three different distances d − r 0 between the nanosphere and the fixed mirror. To illustrate numerically the oscillation frequency of the nanosphere, we fix the pump power of the laser field and the cavity decay rate to be P = 0.0002 W and κ = 0.5 MHz, respectively. The other parameter values are the same as those in Fig. 2 . It can be seen that the frequency of the nanosphere depends strongly on the effective detuning and the Casimir interaction. In the regime of small detuning, the oscillation frequency decreases with increasing d − r 0 distance. Instead, in the regime of large detuning, it increases with increasing distance. This is because the effective oscillation frequency of the nanosphere comes from two terms: the contribution from the cavity field minus that from the Caismir force. Moreover, the contribution from the cavity field is proportional to the intracavity mean photon number |α s | 2 . When the effective detuning is small, the intracavity mean photon number |α s | 2 is so large that the frequency of the nanosphere is determined mainly by the optical field corresponding to the first term of Eq. (8), which decreases with increasing d − r 0 (decreasing the wave number k), and the Casimir force just induces a slight change of oscillation frequency [the second term of Eq. (8)]. However, when the effective detuning becomes large, the intracavity mean photon number |α s | 2 becomes small, in which case the two contributions (from the Casimir force and from the cavity field) determining the frequency of the nanosphere will be comparable. That is, the change of oscillation frequency induced by the Casimir force becomes important; it increases with decreasing d − r 0 distance. Consequently, in the case of large enough effective detuning, the oscillation frequency of the nanosphere decreases with decreasing d − r 0 distance. The characteristics of the oscillation frequency of the levitated nanosphere can be used for estimating the Casimir force between a nanosphere and a plane with an optical method [28, 53] .
We may also probe the frequency shift due to the optical spring effect in the optomechanical system for measuring precisely the Casimir force. Figure 6 (a) plots the normalized effective oscillation frequency ω eff /ω 1 of the levitated nanosphere as a function of the normalized frequency ω/ω 1 with three different distances. The effective cavity detuning and mechanical damping constants are selected as = 1.2 MHz and γ 1 = 0.003 Hz [30, 69] , respectively. It is clear from Fig. 6(a) that the modification of the effective frequency becomes more significant with decreasing d − r 0 , which means that the stronger the Casimir interaction is, the larger is the optical spring effect. This can be understood as follows. When the Casimir interaction between the nanosphere and the fixed mirror becomes strong, the levitated nanosphere reaches a new equilibrium position closer to the right mirror and deviates greatly from its original equilibrium position in the absence of the Casimir force, which increases the optomechanical coupling between the nanosphere and cavity field, G 1p , and increases the optical spring effect of the system. The modification of the oscillation frequency of the nanosphere due to the optical spring effect should be considered when the Casimir force between a sphere and a plane is measured through monitoring the frequency shift of the mechanical motion. The frequency shift due to the optical spring effect can be relevant for small resonance frequencies 063849-7 of the mechanical oscillator [62] and therefore contributes to the measurement of the Casimir force. Figure 6 (b) depicts the normalized effective damping rate γ eff /ω 1 of the levitated nanosphere as a function of the normalized frequency ω/ω 1 with three different distances. We can see from Fig. 6(b) that the effective damping rate increases with decreasing d − r 0 (the Casimir interaction strength increasing). The significant increase in the effective damping rate is the basis for cooling and we can drive the levitated nanosphere close to the quantum ground state by altering the Casimir interaction strength in an optomechanical system.
In Fig. 7 , we plot both the displacement and momentum variances of the levitated nanosphere as functions of the dimensionless effective detuning /ω 1 with three different distances d − r 0 . The temperature of the gas environment is T = 1 K. We see from Fig. 7 that for large effective detuning, the energy equipartition is not satisfied because the variances are not equal in general, δx 2 j = δp 2 j . In this case, the system is not a strict thermal state, so that the effective temperature of such a mechanical oscillator is hard to define [49] . In the regime of small effective detuning, energy equipartition δx 
−1 is not excessively large. When the oscillating frequency ω 1 is sufficiently large, this can be possible even at cryogenic temperatures, e.g., T = 1 K.
In Fig. 8 (2013) with different d − r 0 . It is clear that the minimum value of the effective phonon number n min ph < 1 and decreases with decreasing distance, which implies that the Casimir interaction may alter the cooling process significantly and can be used as an important control parameter.
B. The case with a movable mirror
In this section we consider that the right cavity mirror is movable. We also concentrate on the ground-state cooling of the levitated nanosphere by the radiation pressure and the Casimir interaction. The mechanical motion of the movable mirror is regarded as an additional control of the system, which influences the cooling of the levitated nanosphere. We first investigate the frequency shift of the levitated nanosphere due to the optical spring effect in this optomechanical system.
In Fig. 9 , we plot the normalized effective oscillation frequency ω eff /ω 1 and the normalized effective damping rate γ eff /ω 1 of the levitated nanosphere as functions of the normalized frequency ω/ω 1 with three different distances at the effective detuning = 1.2 MHz. The mechanical damping constant and the intrinsic frequency of the movable mirror are γ 2 = 1000 Hz [70] and ω 2 = 30 MHz, respectively. The other parameter values are the same as those in Fig. 2 . From Fig. 9 (a) we see again that the modification of the effective frequency becomes more significant with decreasing d − r 0 in the chosen parameter regime and therefore the optical spring effect should be included for measuring precisely the Casimir force using the frequency shift of the mechanical oscillator. Figure 9(b) shows that the effective damping rate increases significantly with decreasing d − r 0 , which enables fast cooling to the quantum ground state of the levitated nanosphere.
We now discuss the energy equipartition of the levitated nanosphere through the position spectrum in Eq. (17) and the relation S p 1 (ω) = (ω/ω 1 )
2 S x 1 (ω) in this hybrid optomechanical system with a levitated nanosphere and a movable mirror. Furthermore, we characterize the steady-state energy of the levitated nanosphere by Eq. (16) in the optomechanical scheme.
In Fig. 10 , we plot both the displacement and momentum variances of the levitated nanosphere, δx Fig. 10(a) ]. Therefore, the Casimir interaction in the optomechanical system is an important parameter for the ground-state cooling of the mechanical oscillator. It is noted that in the regime of large effective detuning, one does not have energy equipartition because these variances are not equal, δx oscillating frequency of the movable mirror. Both minimum variances appear at an intermediate value of the effective cavity detuning , where the energy equipartition is nearly satisfied. Figure 11 shows the effective phonon number as a function of the dimensionless effective cavity detuning /ω 1 with three different distances d − r 0 . We can see that the minimum effective phonon number n min ph tends gradually to zero with decreasing d − r 0 . For example, the minimum effective phonon number n min ph 0.05 at the dimensionless effective detuning /ω 1 = 0.8 with the interaction distance d − r 0 = 80 nm. In contrast to the case with the fixed mirror, the effective phonon number of the levitated nanosphere is smaller and therefore the ground state can be approached more closely by cooling in the case of the movable mirror. In particular, with the movable mirror, the cooling of the levitated nanosphere is optimal with a proper frequency of the mirror oscillation (see below).
In Fig. 12 , we plot both the displacement and momentum variances of the levitated nanosphere, δx 2 j and δp 2 j , as functions of the oscillation frequency of the movable mirror ω 2 with three different distances d − r 0 at the effective detuning = 1.2 MHz. It is clear that the displacement variance increases greatly near a special oscillation frequency of the movable mirror at the given effective detuning, which leads to δx 2 j = δp 2 j . In the case of small distances, e.g., d − r 0 = 80 nm, the energy equipartition is not satisfied for a large range of oscillation frequencies of the movable mirror. Similarly, both variances decrease with decreasing d − r 0 . It is noted that one can optimize the sum of these variances by choosing a proper oscillation frequency of the movable mirror.
The effective phonon number is shown in Fig. 13 as a function of the oscillating frequency ω 2 of the movable mirror with three different distances d − r 0 . The aim of Fig. 13 is to present clearly the role of the movable mirror for the cooling of the levitated nanosphere. We see from Fig. 13 that the effective phonon number n ph is not a monotonic function of the oscillation frequency ω 2 of the movable mirror and the minimum effective phonon number decreases with decreasing d − r 0 . Note that the oscillation frequency of the movable mirror corresponding to the minimum value of the effective phonon number increases with decreasing d − r 0 , which means that we can select a proper oscillating frequency of the movable mirror and the distance d − r 0 in order to attain optimal cooling for the levitated nanosphere. 
V. CONCLUSIONS
In conclusion, we have analyzed a hybrid optomechanical system consisting of a Fabry-Pérot cavity with an optically dielectric nanosphere, which is coupled to the cavity field by optomechanical coupling and to the movable end cavity mirror by the Casimir interaction when the nanosphere is trapped near the cavity mirror. The Casimir interaction between the levitated nanosphere and the cavity mirror changes the optomechanical couplings between the mechanical oscillators and the optical field and therefore affects their dynamics. We investigated the steady-state characteristics of the nanosphere and the optical spring effect in the system in detail with quantum Langevin equations and its linearized dynamics around semiclassical steady states, which encode the Casimir interaction between the nanosphere and the cavity mirror. In particular, the optical spring effect should be considered when the Casimir force between a sphere and a plane with a nanoscaled gap is measured through the frequency shift of the mechanical oscillator in an optomechanical system. Furthermore, we investigated the possibility of the ground-state cooling of the levitated nanosphere by optomechanical coupling and Casimir interaction when the right mirror of the cavity is movable or fixed. We showed that in these two situations, ground-state cooling of the levitated nanosphere can be approached in a certain range of the parameters. We showed the important role of the Casimir interaction in the optical cooling of the levitated nanosphere and investigated the dependence of the cooling on various parameters by numerical simulation. The results obtained here are not only useful for quantum control of mechanical devices but are also able to provide one possible way of precisely measuring the Casimir force.
